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Review
.

• A convergence Thm : If f is cts on the

circle such that É tfm / so
,

then
n=- is

Snifcxs := É§n, eins ⇒ fan on the circle
n=-N

as Al → is
.

co

• A sufficient condition for I / f?n) / so :
- is

f- is twice continuously diff on the circle
.

f If so , I Mso such that

/ Fcn) / E ÷ for all n -1-0
.)

Remark : Even if f- is cts on the circle
,
it is possible

Sµfcx , -1> fan
at some point X .

We will construct such an example
in a later class

.



§ 2.5 Convolutions
.

Let us estimate Snifcx) :

Snfu , =
IN §cn, einx
n= - N

N

= En,
÷ # fine- indy • ein

ni

= ¥ ¥ fcy ) . I eincx-y) dy
n= -N

= ¥, [¥ for Dna-y) dy
,

with Dµ(× ) : = É ein ×
n=-14

( which is called#1-th Dirichlet kernel )

write f- * Dna ) : = ¥, fit fcy )Dµ(x-y)dy

We call the function f- * Dn, the convolution

off and Dm
.



Def ( convolution ) : Let f
,
g be two integrable

functions on the circle
.

We define

f- * gun : = ¥fI" fast ga-g) dy .

Remark : Forgiven x , fly) GG-y ) is an integrable

function in Y on the circle
.

Prop1_ :
in f- * fgth ) = f*g+f*h
(2) For CEE

,

@f) * g = off # g)

(3) f- * g = of # f-
.

As 9- * g) *h = f- * fg*h )

(5) f- * g is cts on the circle
.

(6) f*^g (n ) = §cn) - 97h1
,
t n C- Z

.



Pf : We only prove ③ ,
⑤ and⑥

,

and leave the others
to you as an exercise .

③ f- * g = of # f.
Recall that for a fixed x ,

f- * gcx) = ¥f¥ fcylgcx- y) dy
Letting 2- =x-y

=-_ ¥f×→ f-(x -⇒ gcz) C-Ddt
✗+IT

= ¥, f far -⇒ gczidz
6 since fcx-£ ) guy is 21T- periodic

in Z )
= ¥ £

'

fcx-zigczldz-gx-f.CN
.

(6) f*gT (n) = fTng^(n )
.

Notice that

f*g^cn) = ¥ [IF f-*gal e-
"✗
dx



= ¥ [ IT [¥fcylgcx-yl.ly/e-iMdx=E-uf-iizT-fIifcy)e-inY.g*y)e-incx-y1
dy DX

( Fubini -1hm : Let Fa , y ) be a Riemann integrable

function on [ a. b) ✗ [c.DI
,

Then

fabf? Fcxiyldydx = fcdfabfcxisldxdy
= ff Fcxiy) dxdy

y[a.b) ✗Ted]

( by Fubini ) IT

g.¥- f-a *

"

gcx-yje.int
-y)

= dxfcyléimdy
-

"

gfcn , f- (g) e- indy= ¥1 f-IT
= g)n ) FTM .



(5) f- * g is cts on the circle
.

We first prove the result in the case when

G is cts on the circle
.

Notice that G is uniformly cts on the circle .

Hence F E > o
,
I 8>0 such that

Igfy , ) - gon) Is E if / Yi - 921<8 .

Now for Xi
,
Xi on the circle with Ix , -✗4<8

,

f- * gain - f-* guy
= ¥f☐" fcy ) gcx , - b) dy
- ¥ f-(g) gcxiyldy

= ¥5 ftp.fgfxi-yl-gcxa-yydy



Hence

I f- * gun - f-* gain /
IT

£ ¥ f-a lfcs ) / . / gcx , - y ) - gaz -y ) / dy

f ¥ f-a
"

lfcb ) / • E dy

= E. ¥ f-If I fail dy
f E . B

,

where B= sup I fail .

Y C-[-17,1-1]

Hence f-* g is uniformly cts on the circle
.

Next we consider the general case when

g is merely integrable on the circle
.

We need an auxiliary result .

Lemz_ :
Let G be integrable on FIT , -111 .

Then for any s > o, 7- acts function h



on the circle such that

1h (x ) / s sup 19911
,
it ✗ C- E- it, -117

YEE-11,171

and

ftp.gcn-hcxsldx < E
.

- IT

we postpone the proof of the above lemma

a while .

Now we use it to prove the continuity

of f-* g.

By Lemma 2
,
we can take a sequence of

Cts functions ( hn ) on the circle such that

f.FI/gw-hriYdx-oasn-sa .



Now let us estimate

f-* gas - f- * final

= #[¥ fcy) ga- g) dy - ¥, fast . hncxy)
dy

= ¥ f-Fi fcy) . (ga- y ) - hncx - y ) ) dy
.

Hence

I f-* gas - f- * find > I

t ¥ / full . / gcx - b) - hncx -y ) / dy

e EE f- IF I gcx-s ) - hncx -g) 1dg

( where Bi = sup 1 for 1.)
YEE-4,171

= ¥
,
f-
a

"

l gon - finest / dy



It implies that

f- * hnH→→ f-*gal on the circle

as n→ is
.

Since f-* fin is cts on the circle
,

it follows that f- * g is cts on the

circle
.

☒

Now we turn to the proof of Lem 2
.

Pf of Lem 2 . Since G is Riemann integrable

b- E > 0 , 7- a partition
- IT = Xo < ✗± < . - . . < XN = IT

of Fa , -111 such that



Lower sum

/ fiigandx - É"ÑÑiy
i-rYE-xi-i.si ]

< E

Define

g*µ= inf Gost if c- [ ✗ii. xi)
YC-fxi-i.li -1
^

:-.

I
.

-Ti=¥I,F>
✗

×N-2Xµy Xµ= -11

( Fig : Construction of g* )
Notice that

• gwz.gl/+cxiV-xc-EiTiT]
• 1g*a , / e sup / GUY .

YEE-11,71]



Recall that

/ f
"

→
efcxidx - É(inf Gon ) (xi-xi.it/i--1yc--xi-i,Xi7--ff--iigcxidx-f?ig*cxidx/

= I f.I" gon -9*1×1 dx /
= f 1gal - g#and dx ( since 9¢12 9¥ , )

so 5¥ /gon - g*c×, /dxss .

'

ai

-÷⇒f 1

,
i s

i 1

' ' ¥-7 ;i : i : : :

iii. :

÷÷÷÷¥¥É>
XN-1 Xa¥Xotb ✓

Xix -8

( Fig .
Construction of § )



We choose a small number 8>0
,
and construct

a function g~ on Fa , -111 such that

① For each ⇐ i EN-1 ,

§ is linear on each 8- neighborhood of xi

such that GTX ; - s)=g*Cxi -s)
,
Jai -181=8*(4-18)

③ § is linear on [ -1T
,

- a-181 such that

§fñ)=o , 9^(-17+8)=9*(-17+8)

g~ is linear on [ IT - s
,
171 such that

fit )=o , 9^(-11-8)=9*(-11-8) .

③ § and g* coincide except on these

N - intervals .

Then § is cts on the circle
.



IT

S /84×1-9%1dx £ 2h18 . 213
-IT

where D= sup 1904
b. C-Ea

,
-111

Hence

f-¥ 1gal - giant ax

ff-iilga.mg#cxs1dx-f--F/g*an-g7xs1dx
E E + 2h18 • 2B

( choose 8 small enough so that 2N£2B <E)

E. ZE .

One can check sup/£1s sup 18*1<-13 .

This completes the proof of Lem 2
. 171-4


